For the problem of optimal stabilization of solutions of a parabolic equation with rapidly oscillating coefficients, when an impulse controlled perturbation of the system takes place at a fixed moment of time, we justify the form of approximate optimal regulator in which rapidly oscillating coefficients are replaced with their averaged values.
Introduction
An important problem of the optimal control theory is to obtain the optimal regulator, i.e. optimal control in the feedback form. In the case of infinite time interval this problem is called optimal stabilization. For a wide class of linear-quadratic infinite-dimensional problems close-loop optimal controller can be found, parameters of which are expressed via eigenvalues and eigenfunctions of the respective differential operator. If the original problem describes a process in microinhomogeneous media, its coefficients and the formula of optimal regulator are typically expressed via rapidly oscillating parameters. This makes impossible the practical implementation of these formulas. For such problems our goal was to construct and justify the use of approximate optimal regulator obtained by replacing rapidly oscillating coefficients with their averaged values as in Jikov et al. (1993) .
The aforementioned problem was addressed in Kapustyan et al. (2013) for the controls of the form ( ) ( ) under certain assumptions on the input data and in Kapustyan and Rusina (2015) for the control of the form ( , ). In this paper, we focus on the optimal stabilization of solutions of a parabolic equation with rapidly oscillating coefficients and distributed control ( , ), when impulse controlled perturbation of the system take place at a fixed moment of time as in Samoilenko and Perestyuk (1987) . The case of finite time interval was investigated in Kapustyan et al. (2014) . Using the exact formula of optimal control in the feedback form, we justify the formula of approximate optimal regulator, in which rapidly oscillating coefficients are replaced with their homogenized values and infinite sums are replaced with finite.
Statement of the Problem
Let Ω ⊂ ℝ be a bounded domain, ∈ (0,1) be a small parameter, = (0, ∞) × Ω, ∈ (0, ∞) be a fixed moment of time of an impulse perturbation, ≠ −1, ∈ ℝ, > 0, > 0 are fixed. A controlled process { , , } is described by the following relations
where = ( ∇), ( ) = ( ), is a measurable symmetric periodic matrix which satisfies the condition of uniform ellipticity
Let { }, { } be solutions of the following spectral problem
Let ‖⋅‖ and (⋅,⋅) denote the norm and the scalar product in the space 2 (Ω) respectively.
We follow Lions (1971) in assuming that the optimal control problem (1)-(3) for every > 0, 0 ∈ 2 (Ω) has the unique solution { , , } in
where is a class of functions ∈ 2 (0, +∞; 0 1 (Ω)), whose restrictions on (0, ) and ( , +∞) have generalized derivatives with respect to t from classes 2 (0, ; −1 (Ω)) and 2 ( , +∞; −1 (Ω)) respectively. In particular, every function of class W θ is continuous on [0, +∞)\{ } with respect to the norm of 2 (Ω) . We will assume that it is left continuous at = . (1)- (3) with the control 0 , 0 .
Construction of the Optimal Regulator
Let us find a solution of (1)- (3) in the form
where { } are solutions of the spectral problem (5). We obtain the countable set of one-dimensional impulsive optimal stabilization problems
where 0 = ( 0 , ).
First, let us consider problem (6) on a finite interval (0, ), >
From Pontryagin's maximum principle applied to (7) (see Samoilenko and Perestyuk (1987) ), there exists ( ) such that optimal process
} of the problem (7) which is characterized by the following system 
Thus,
where
and parameters 1 ( ), 2 ( ),̃1 ( ),̃2 ( ) are determined by the following algebraic system 
where = √( ) 2 + 1 .
When → ∞ we obtain 
where constants 1 , 2 ,̃1 ,̃2 are from (12). Then process (13) is optimal in (6). From (9)- (12) we have { , } ∈ 2 (0, +∞) and
Then for any feasible process {̂,̂,̂} of the problem (6) and for all > we have
But with (14)
and it proves optimality of (13). Note that in case without an impulse perturbation ( = = 0) the formula for optimal control of (6) is known. It is of the form
By substitution { , } into (6) and removing 0 , we obtain a formula of the optimal regulator of problem (6)
where ( We note that from the formula above it follows that the functions are uniformly bounded on [0, ∞), i.e.
Denote

= ( + 1) ( ).
Thus the optimal control in the feedback form for the problem (1)-(3) has the form
Justification of the Approximate Optimal Regulator
Let 0 be a constant homogenized matrix for ( ) (see Jikov et al. (1993) ),
are solutions of following spectrum problem
and let the spectrum of 0 be simple, i.e.,
With condition (21)
Assume that Let us define an approximate (parametric) regulator as
where ( , ) is a solution of (1) with the control (24)-(25). The main result of this paper is the following theorem.
Theorem 1. Suppose that the assumptions (4), (21) -(23) are satisfied. Then formulas (24)-(25) determines the approximate optimal regulator of the problem (1)-(
where { , , } is the optimal process of the problem (1)- (3), is the solution of (1)- (2) 
with the control (24)-(25).
Proof. Consider 
Note that
The impulsive problem (30)- (31) has unique solution ( , ) in (0, ), ∀ > , which is defined on [0, +∞). For a. e. ∈ (0, +∞)\{ } for the following estimate holds
Since | 0 ( )| ≤ and 0 ( ) < 0, we have:
where a constant > 0 is from the Poincare inequality. Denote
then the following convergence is proved in Kapustyan et al. (2014) 
Let us prove this convergence on an infinite interval. Since
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→ 0 , then is the unique solution of (30)-(31) when = 0 which is defined on [0, +∞), moreover,
with (35), (37), (38) we conclude
With (32), (35), (37), (38) we can claim that
Moreover,
Let us compare solutions and . For = − we have the following problem
It is known from Kapustyan et al. (2014) 
where ≡ is a solution of (30) with ε = 0.
For this purpose, we use the fact that the process { , } is optimal. By Bellman's principle of optimality, we obtain
where ̃ is a solution of (1) on [2 , +∞) with the control u ≡ 0 and initial condition ̃(2 ) = (2 ). 
With (51), (52) we derive → в 2 ( ).
In the same manner, when = 0, we can see that
and the proof is complete.
Conclusion
In this paper, we obtained the exact formula of optimal regulator for parabolic equation with rapidly oscillating coefficients, when impulse controlled perturbation of the system take place at a fixed moment of time. The formula contains rapidly oscillating coefficients and infinite sums. Since the numerical implementation of it is problematic we justified the use of approximate optimal regulator, obtained by replacing rapidly oscillating coefficients with their homogenized values and infinite sums with finite sums.
